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Now that LIGO has revealed the existence of a large number of binary black holes, identifying
their origin becomes an important challenge. They might originate in more isolated regions of the
galaxy or alternatively they might reside in dense environments such as galactic centers or globular
clusters. In the latter case, their center of mass motion as well as their orbital parameters should
lead to observable changes in the waveforms, which would reflect their gravitational interactions
with the surrounding matter. This would be reflected in the gravitational wave signal by a net
phase change or even a time-dependent Doppler shift. We show that this time-dependence might
be observable in future space gravitational wave detectors such as LISA which could provide direct
information about the black hole binary environments and otherwise invisible ambient mass.
The LIGO detection [1] of gravitational waves (GWs)
from a pair of inspiraling black holes (BHs) has launched
a new era of GW astronomy. We can now look forward
too to the detailed analysis of similar events in the future.
The space-based interferometer LISA should be able to
resolve stellar-mass binary BHs (BBHs) [4] in a lower fre-
quency band (roughly 0.01 - 0.1Hz) and with much longer
time duration (typically several years), thereby enabling
multi-band GW observations [13]. BBHs could show up
in the LISA band months before they merge in the LIGO
band and a joint detection from both frequency bands
would allow for better measurements of their properties
[4].
In this letter, we point out another, as-yet underap-
preciated property of LISA measurements, namely the
capacity for measuring barycenter motion and orbital
parameters of BBHs directly. Current strategies for dif-
ferentiating BBH formation channels focus primarily on
measuring the statistical distribution of orbital parame-
ters, either eccentricity or spin [5]. In this letter we show
that future measurements can be more ambitious. Since
the time-dependence of the phase reflects the orbital pe-
riod of the barycenter motion T ∼ 2pi(Gm/r3)−1/2, the
time scale for the phase variation serves as a direct probe
of of the ambient density ρ ∼ m/r3, where m is the mass
and r is the distance over which the BBH orbits. For
favorably positioned BBHs, the detailed barycenter mo-
tion in the LISA band could also be measurable, raising
a unique opportunity to directly measure the orbital el-
ements of the two-body system formed by the BBH and
a nearby tertiary mass.
Previous studies have considered the effect of barycen-
ter acceleration arising from cosmological inhomogeneity
and local gravity [6]. However, in many cases the sug-
gested deviations in time-dependence of the phase will
be degenerate with undetermined time-dependence of the
inner orbital elements. We calculate a more conservative
minimum value for the deviation in time-dependence of
the phase as a function of observed frequency that will be
unambiguously attributable to a gravitational perturba-
tion from a surrounding mass. Moreover, we consider a
very different possibility, which is that LISA will be able
to observe directly the barycenter motion of the BBH
orbiting around a nearby massive object such as a super-
massive BH (SMBH) in the galactic center through direct
measurements of the time-dependence of the phasing ow-
ing to the BBH motion.
We will call the effective two-body system formed by
the BBH barycenter and the tertiary mass the outer bi-
nary and its orbit the outer orbit denoted with subscript
“2”, and call the BBH emitting GWs in LISA the in-
ner binary with subscript “1”. The barycenter motion of
the BBH would introduce a time variation of the appar-
ent frequency via the time-varying Doppler shift ∆z(t) of
the GW signals. We might also measure secular variation
of the inner orbital elements, including the eccentricity
and the inclination due to the Kozai-Lidov (KL) mecha-
nism [7]. This second effect will generally be weaker and
harder to measure.
This way of viewing the LISA signal, for which there
will be many well-determined GW phases with a slower
time-dependence that reflects external interactions, is
analogous to measurements of a pulsar in a binary. The
GWs emitted from BBHs can be thought of as the pulses
of the BBHs, and we can exploit the large number of GW
cycles, or “pulses”, to measure the frequency as a func-
tion of time. We emphasize that, as with pulsars, this
measurement depends primarily on phase measurements
and the variation reflects the perturbation of masses near
BBH. This means that the phase and hence external or-
ar
X
iv
:1
80
5.
05
33
5v
1 
 [g
r-q
c] 
 14
 M
ay
 20
18
2bital parameters can be well measured even without well-
measured time-dependent amplitudes. Employing also a
well-measured amplitude will provide a complementary
way of increasing precision and checking consistency the
phase measurement. Furthermore, a sufficiently accurate
measurement of the orbital motion can allow us to follow
the waveform in detail from the LISA to the LIGO win-
dow, effectively increasing the time and frequency range
of the measurement substantially.
Motion of the BBH barycenter along the Outer Or-
bit. — We consider a pair of BHs with mass m0,m1 ∼
O(10M). LISA could access such a pair if the GW peak
frequency fpeak falls roughly between 0.01Hz and 0.1Hz,
where fpeak is
fpeak(t) =
√
Gm
pi
[
a1(t)
(
1− e21(t)
)]3/2 (1 + e1(t))1.1954, (1)
where G is Newton’s constant, a1 and e1 denote the semi-
major axis and the eccentricity of the inner binary, and
m = m0 + m1 is the total mass of the BBH. Here and
in the following we neglect the redshift of the BBH for
simplicity. The time-dependence of the long-term orbital
motion and/or the secular change of inner eccentricity
would be visible only if the BBH stays long enough in
the LISA band. For frequencies roughly between 0.01 Hz
and 0.1 Hz, the lifetime is generally at least a year which
we take as the minimum benchmark for staying in the
LISA band.
We model the ambient density of a BBH by a single
tertiary body. This model can approximate 1) a BBH
orbiting around a SMBH in the galactic center [2, 3, 9];
2) a BBH orbiting around an IMBH in a globular clus-
ter; 3) a BBH orbiting around a bunch of stellar mass
in a nuclear cluster or globular cluster, without a central
massive BH, 4) a BBH in stellar-mass hierarchical triples
in globular clusters [10] or in the field [11]. The effec-
tive mass m2 of the tertiary body can be in the range
O(10M) to O(109M) or even larger.
The motion of the BBH along the outer orbit can be
well described by Newtonian dynamics. The effect of the
outer orbital motion is easy to see for a circular outer
outer orbit and constant GW frequency fpeak, in which
case the GW phase is Φ(tBBH) = fpeaktBBH in the BBH
frame. The time of arrival t is then related to tBBH by
t = tBBH + r2‖/c. Here r2‖ is the location of the BBH
barycenter along the line of sight, and is given by r2‖ =
(m2/M)a2 sin(t/P2) in this simple case, where a2 and
P2 are the semi-major axis and the orbital period of the
outer orbit and are related by 2piP−12 =
√
GM/a32, with
M = m0 +m1 +m2. Therefore,
Φ(t) = fpeak
(
t+
m2
M
a2
c
sin
t
P2
)
. (2)
This phase dependence, which describes the residual time
dependence from the acceleration of the binary due to a
nearby third body, assumes small peculiar acceleration
of the triple barycenter. In reality, fpeak(t) also depends
on time t through its dependence on a1(t) and e1(t) as
shown in (1). The linear time-dependence in (2) is in-
distinguishable from a Doppler shift equivalent to a dif-
ferent distance. Ref. [6] therefore relied on the O(t2)
dependent phase deviation to distinguish the new con-
tribution. However, because of the potential degeneracy
with the time-dependence of the inner orbital frequency,
to be unambiguously distinguishable, either the time has
to be long enough for all terms in a Taylor expansion to
contribute or the O(t2) term has to be sufficiently large
(or we need to subtract off the inner orbital contribu-
tion to the time change in some other way). The first
condition states that we need to follow the phase over
a time comparable to the orbital period P2 (ideally less
than half an orbit so the net phase shift doesn’t cancel).
This condition suffices when we include eccentricity
as well. For the second condition, we now include the
full time dependence of both the inner and outer orbits.
Choosing the plane orthogonal to the line of sight as the
reference plane, the time of arrival of GW phases will
be delayed by r2‖/c, where r2‖ is the barycenter position
along the line of sight. In the barycenter system of the
triple, r2‖ can be represented in terms of orbital elements
as
r2‖ =
m2
M
a2(1− e22)
1 + e2 cosψ2
sin(γ2 + ψ2) sin I2, (3)
where e2, I2, γ2, ψ2 are the outer orbital elements, cor-
responding to the eccentricity, the inclination, the argu-
ment of the periapsis, and the true anomaly, respectively.
The factor m2/M is from the conversion to the barycen-
ter frame of the triple from the reduced coordinates. Note
that this means that the BBH motion relative to the
triple barycenter is suppressed if m2  M and will be
small unless the tertiary body is comparable to or greater
in mass than those in the binary system.
To see the time shift entering the GW phase from r2‖,
we note that in the BBH barycenter frame, the GW phase
Φ is,
Φ(tBBH) =
∫ tBBH
0
fpeak(t
′
BBH)dt
′
BBH, (4)
where we have dropped a constant phase by shifting the
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FIG. 1: The longitudinal velocity v2‖(t) of the BBH barycen-
ter. In both panels m0 = m1 = 10M, m2 = 4 × 106M,
a2 = 100AU, I2 = 90
◦. Note that the inclination I2 = 90◦
optimizes the effect so better velocity sensitivity will be im-
portant in general cases.
initial point of tBBH. Replacing tBBH in (4) by t, we find,
Φ(t) =
∫ t
0
fpeak(t
′)
[
1− v2‖(t
′)
c
]
dt′, (5)
where v2‖ = r˙2‖. We see from (5) that the net effect
of the time delay is a shift of GW frequency fpeak →
(1− v2‖/c)fpeak, which is just the familiar (longitudinal)
Doppler shift, where we neglect the smaller transverse
component. We also neglect the suppressed relativistic
corrections including the Roemer delay and Shapiro de-
lay. We show in Fig. 1 the fluctuation of v2‖/c over two
periods of outer orbital motion for m0 = m1 = 10M,
m2 = 4 × 106M, a2 = 100AU, I2 = 90◦. In the top
panel we take γ2 = 0
◦ and three different eccentricities
e2. In the bottom panel, we fix e2 = 0.5 and plot for
different γ2. Note that changes in v/c can be of order
10−2 or 10−3.
The orbital motion shown in Fig. 1 would be observ-
able if we can follow the detailed time-dependence of the
phase. A safer strategy is to simply look for a deviation
in the integrated phase as was suggested too in [6]. In
any case, when the BBH is very far from the third body,
the orbital period P2 will be longer than the observation
time TO, so we can hope to observe at most a fraction of
the total orbital period. We can find the deviation from
expectations in the GW phase Φ(t) by Taylor expanding
the phase Φ(t) in (5) around an initial time ti = 0 as
Φ(t) = Φ˙(0)t+ 12 Φ¨(0)t
2 + 16
...
Φ(0)t
3 + · · · , (6)
Φ˙(0) =
(
1− v2‖c
)
fpeak, (7)
Φ¨(0) =
(
1− v2‖c
)
f˙peak − v˙2‖c fpeak, (8)
...
Φ(0) =
(
1− v2‖c
)
f¨peak − 2v˙2‖c f˙peak −
v¨2‖
c fpeak, (9)
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FIG. 2: The phase deviation ∆ΦGW = f˙peakT
2
O induced by
the BBH chirping f˙peak during an observation time TO = 1
years, with BBH masses m0 = m1 = 10M.
where we have thrown away a constant phase. The lin-
ear term in time is irrelevant as above. The O(t2) term
that [6] relied on is in principle useful, but must be dis-
tinguished from any uncertainty in f˙peak that can also
lead to O(t2) dependence. We can extract the v˙-effect
from the O(t2) terms in at least two ways. First, we can
use the measured amplitude to get the chirp mass and
thus predict the phases produced by the GW chirping
∆ΦGW = f˙peakT
2
O, where we deduce the time depen-
dence from that of a1(t) and e1(t) using the Peters equa-
tions [12]. Subtracting ∆ΦGW away from O(t2) terms
will leave the desired phase shift ∆ΦA from the acceler-
ation,
∆ΦA = −
v˙2‖
c
∫ TO
0
fpeak(t)tdt. (10)
As a conservative requirement, ∆ΦA is better to be
greater than ∆ΦGW to make it resolvable. We show
∆ΦGW for BBHs with 0.01 ≤ fpeak ≤ 0.1 and arbitrary
eccentricity e1 in Fig. 2, from which we see that ∆ΦGW ∼
O(103) for m0 = m1 = 10M, fpeak = 0.01Hz, e1 = 0,
and TO = 1yr, and the phase shift increases to values
above O(106) when fpeak reaches 0.1Hz. This means
that, for a BBH source with frequency fpeak ∼ 0.01Hz,
the acceleration-induced phase shift |∆ΦA| should be
greater than O(103) for it to be distinguished from the
otherwise degenerate ∆ΦGW.
An alternative approach is to rely solely on the phase
measurement. Consider an isolated binary with for sim-
plicity e1 = 0. Because each term in the Taylor expan-
sion depends only on the chirp mass and the frequency,
the Taylor coefficients in (6) would satisfy a consistency
relation, Φ¨ =
√
3
11
...
ΦΦ˙. With sufficiently large signal-
4to-noise (S/N) ratio that these first few Taylor expan-
sion terms are measurable, the combination of phases,
∆Φ′A ≡ (Φ¨ −
√
3
11
...
ΦΦ˙)T 2O deviating from zero would re-
veal the presence of an external perturbation. Because
the inner binary contribution is effectively already sub-
tracted off, ∆Φ′A > 1 would suffice to reveal acceleration.
In Fig. 3(a) and (b), we plot both ∆ΦA and ∆Φ
′
A,
where we approximate ∆ΦA ∼ (v˙2‖/c) · fpeakT 2O ∼
(pi∆v2‖/cP2)fpeakT 2O. Here from (3) and v2‖ = r˙2‖ we
find the velocity variation over an orbital period with
I2 = 90
◦ is ∆v2‖ = 2m2M
√
GM
a2(1−e22) . Note that for fre-
quency of order 0.01 Hz, a year long measurement per-
mits roughly only ∆ΦA ∼ 105 and at 0.1 Hz no greater
than 106. So we don’t expect to probe the regions with
too high ∆ΦGW , meaning overall we are sensitive to the
band between ∆ΦGW = 10
3 and ∆ΦGW = 10
5. In Fig. 3,
we plot ∆ΦA = 1, 10, 10
3, 105, where ∆ΦA . O(102)
is possible only when e1 is large (cf. Fig. 2), and larger
∆ΦA ∼ O(105) is possible only for higher GW frequency
fpeak . O(0.1Hz). Superficially ∆Φ′A probes more of
the parameter space. However, adequate measurement
would rely on a sufficiently large S/N to measure the Tay-
lor coefficients, which will be achievable only for brighter
sources.
Notice too that the new contribution to ∆ΦA can have
a different sign, generating effectively a “negative chirp.”
This depends on where in the orbit we detect the Doppler
shift, and can also be helpful in unambiguously identify-
ing this new effect and increasing the parameter range
over which we can be sensitive.
On the other hand, when the condition P2 ∼ TO is
satisfied and at least a substantial fraction of the orbit
is observed, we can hope to trace the real-time motion
of the outer orbit. The visibility of this orbital motion
requires that the induced Doppler shift of the GW fre-
quency ∆f ' f∆v2‖/c be larger than the LISA resolution
of the frequency. This is similar to the condition required
in Fig. 3(a) for the observability of the Doppler shift.
For the time-dependent measurement presented in
Fig. 3(b), the result will ultimately depend on the
method used to extract the signal. In the crude method
presented here where we break up the time into definite
intervals, both ∆ΦA and ∆ΦGW scale as T
2
O, so the sen-
sitivity to ∆v2‖/c from a phase shift measurement would
be sensitive to the time interval only insofar as we achieve
adequate S/N . This method can allow for senstivity to
∆v2‖/c with a maximal precision of 1/(fpeakT ) and a
minimal precision of ∆ΦGWP2/(fpeak/yr
2) where ∆ΦGW
is taken from Fig. 2 where we calculated ∆ΦGW for one
year. The optimal interval will be the smallest one with
sufficient sensitivity to allow maximal sensitivity to time-
dependence. Furthermore, with many time intervals the
criterion of a phase shift greater than ∆ΦGW will be too
strong as we will know more about f˙peak from other time
intervals. As above, we anticipate ∆Φ′A also being a use-
ful measure, but especially for the brighter sources.
Fig. 3(b) shows the maximal velocity variation and the
expected orbital period for a range of parameters a2 and
m2 for m0 = m1 = 10M. The period determines how
many intervals we can measure the phase and how well
we can determine the time dependence. The individ-
ual interval size needs to be sufficiently large to mea-
sure ∆v2‖/c at the associated level of accuracy given on
the plot. For small maximal ∆v2‖/c, we are unlikely to
have many intervals since the required interval will be too
long. For values that can be done over a relatively short
time frame (e.g. several months) a large parameter space
can be explored so long as the period is sufficiently long
to allow the necessary number of intervals (the number
required to give a measurable change in velocity). We
see that for ∆v2‖/c ∼ 0.01 or 0.001, we should be able
to explore signals throughout the LISA band where 10
solar-mass BHs should be observable from 0.01 Hz to 0.1
Hz. Note that a larger GW frequency fpeak yields better
resolution of the redshift fluctuation in each interval but
allows for fewer intervals.
We note sensitivity to parameters that can lead to
tidal perturbation known as KL oscillations [7], both
for a few solar-mass BHs a few AU away and for mil-
lion solar-mass range witha2 up to O(102AU). Eccen-
tric BBHs with KL oscillations from a SMBH of mass
m2 ∼ O(106)M in the galactic center of O(102)AU
away [3] leads to barycenter motion with velocity fluc-
tuation ∆v2 ∼
√
Gm2/a2 ∼ O(10−2c) and orbital pe-
riod P2 ∼ 2pi
√
a32/(Gm2) ∼ O(1yr). This is roughly the
same period we would obtain when there are stellar-mass
objects about an AU away in globular clusters or in the
field [10, 11]. It is fortuitous that the motion should be
measurable for those triple systems that might induce
KL oscillations in galactic centers [2, 3]. In this case, as
Fig. 1 shows, we can hope to measure orbital parameters
in detail.
Secular Evolution of the Inner Orbital Elements. —
We can also consider the secular oscillation of the eccen-
tricity e1 and inclination I1 of the BBH orbit induced
by the tidal perturbation of the tertiary body in what
is known as the KL oscillation. The tidal perturbation
introduces the time variation,
e˙1T =
15
8
√
Gm22a
3
1e
2
1(1− e21)
ma62(1− e22)3
(1− cos2 I) sin 2γ, (11)
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FIG. 3: (a) The acceleration-induced GW phase shifts ∆ΦA and ∆Φ
′
A with outer orbital period P2; (b) The longitudinal
velocity variation ∆v2‖ of the BBH barycenter and the outer orbital period P2, with the phase shift ∆ΦA. (c) The tidal force
induced phase shift ∆ΦT and the eccentricity variation ∆e1,T . In all panels we take m0 = m1 = 10M, fpeak = 0.01Hz, and
TO = 1yr. In (a) and (b) we take γ2 = 0
◦, ψ2 = 90◦ and I2 = 90◦ to maximize the effect. In (c) we take e1 = 0.5.
where I is the inclination of the inner binary and γ is the
argument of the periapsis. Both I and γ are measured
with respect to the outer orbital plane, and should not
be confused with the outer orbital elements (I2, γ2) con-
sidered above which are defined with respect to the line
of sight.
The BBH eccentricity e1 might be measured directly
from the GW waveform. However, the time scale e˙1T
is longer than the outer orbital period [2], and is gener-
ally longer than the observational time TO. We see in
Fig. 3(c) that we can directly measure the change in e1
which approximate by ∆e1,T = e˙1TTO only for small a2.
In general, however, the KL-induced eccentricity varia-
tion will be measurable, but only from a net phase devi-
ation measurement.
The tidal perturbation is more pronounced for larger
a1, which means lower fpeak for a given e1. We estimate
the phase change ∆ΦT induced by tidal perturbation for
a BBH with GW frequency fpeak close to 0.01Hz, where
the tidal effect is bigger and the calculation is simplified
because such BBHs receive little orbital reduction a˙1TO
and circularization e˙1TO in the entire observational time.
For m0 = m1 = 10M, a˙1TO ∼ O(0.1%)a1 and e˙1TO <
0.1%. Therefore, to estimate the number of additional
phases ∆ΦT introduced by the KL oscillation, we can
treat a1(t) and e1(t) as constant.
∆ΦT '
∫ TO
0
∆fpeak(t)dt ' 1
2
∂fpeak
∂e1
e˙1TT
2
O. (12)
The assumption of constant a1 and e1 in the absence of
tidal perturbation breaks down for BBHs emitting higher
frequency GWs, since the orbital reduction and circular-
ization is faster. In this case we should retain full time
dependence for fpeak. The tidal perturbation to such
BBHs is weaker because of smaller a1 and thus the secu-
lar evolution of e1 is expected to be less significant.
In Fig. 3(c), we show the phase shift ∆ΦT from tidal-
induced e1 variation for a BBH with m0 = m1 = 10M,
e1 = 0.5 and fpeak = 0.01Hz. The ∆ΦT curves are par-
allel with ∆e1,T curves since their (a2,m2)-dependence
are all from their linear dependence in e˙1T . We note
that the KL-induced phase shift ∆ΦT is degenerate with
the acceleration-induced phase shift ∆ΦA in (10), both
of which are approximately proportional to T 2O. Thus a
detected phase shift ∆Φ ∝ T 2O is not necessarily from the
barycenter acceleration.
In conjunction with the e1-variation, the BBH incli-
nation I also undergoes secular evolution and there is a
corresponding time variation in the observed GW polar-
ization, which is however more challenging to measure.
Discussion. — Future space GW telescopes such as
LISA will open up a new era of multi-band GW astron-
omy and will supplement the ground-based GW detectors
in a qualitatively different way. In this letter we consid-
ered the exciting possibility of directly probing the am-
bient mass surrounding BBHs using LISA through mea-
surements of net phase shifts and also through the obser-
vations of waveforms over time, which will reflect in detail
the BBH’s orbital motion. Effects we considered include
the barycenter motion of the BBH and the tidal-induced
variation of BBH eccentricity. If the BBHs measured by
LISA are orbiting around a dense cloud of mass, such
orbital motion can be viewed as a direct measure of the
mass density of the environment. Furthermore the longi-
tudinal velocity fluctuation ∆v2‖ can provide meaningful
information about the orbital parameters.
This information could be critical to distinguishing dif-
ferent formation channels of BBHs. For instance, both
6globular clusters and SMBHs could generate eccentric-
ity in nearby BBHs. Though it would be difficult to tell
the two channels apart from eccentricity alone, the BBH
barycenter motion of the two cases would be very differ-
ent and thus allow the channels to be distinguished. Es-
pecially exciting too is the possibility of following BBHs
from LISA into the LIGO band. Even without detailed
measurements of the inner orbital parameters at LISA,
the outer orbital parameters can be measured from the
phase of the waveform alone. This makes it possible to
imagine following in detail the waveform from one regime
to another, in which case inner orbital parameters can
be better determined reducing potential degeneracies be-
tween inner and orbital parameters further.
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